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Nonlinear behaviors of parity-time-symmetric lasers
Jianke Yang
Department of Mathematics and Statistics, University of Vermont, Burlington, VT 05401, USA
We propose a time-dependent partial differential equation model to investigate the dynamical
behavior of the parity-time (PT ) symmetric laser during the nonlinear stage of its operation. This
model incorporates physical effects such as the refractive index distribution, dispersion, material loss,
nonlinear gain saturation and self-phase modulation. We show that when the loss is weak, multiple
stable steady states and time-periodic states of light exist above the lasing threshold, rendering the
laser multi-mode. However, when the loss is strong, only a single stable steady state of broken
PT symmetry exists for a wide range of the gain amplitude, rendering the laser single-mode. These
results reveal the important role the loss plays in maintaining the single-mode operation of PT lasers.
Parity-time (PT ) symmetry was first introduced as a
non-Hermitian generalization of quantum mechanics in
1998, where it was reported that a class of complex po-
tentials possessing the PT symmetry could also feature
all-real spectra [1]. This concept later spread to optics,
where a judicious balancing of gain and loss constitutes
a PT -symmetric system [2–6]. Properties of PT systems
have been extensively studied in the past ten years (see
[7, 8] for reviews). More importantly, applications of
PT symmetry have started to emerge [9–12]. Of particu-
lar interest is a PT microring laser [11, 12]. By intention-
ally introducing loss into the laser cavity, it was shown
that these lasers are capable of single-mode operations.
These operations were explained using a linear coupled-
mode ordinary differential equation (ODE) model. How-
ever, it is well known that lasing is an inherent nonlin-
ear process. In order to investigate the nonlinear stage
of these PT lasers, certain nonlinear coupled-mode ODE
models were used [13, 14]. But such ODE models did not
account for the effects of refractive-index distributions,
dispersion, nonlinear self-phase modulation, and some-
times nonlinear modal interactions. In [14], a steady-
state ab initio laser theory was also employed, but a dy-
namic (time-dependent) model would be more desirable
since only a dynamical model could address the question
of stability of steady-state laser states.
In this paper, we propose a qualitative time-dependent
partial differential equation (PDE) model to investigate
the dynamical behavior of PT lasers during their non-
linear stage of operation. This model incorporates the
physical effects such as the refractive index distribution,
dispersion, spatially-modulated linear loss, spatially-
modulated nonlinear saturable gain, and nonlinear self-
phase modulation. Even though this PDE model is more
elaborate than the previous coupled-mode ODE models,
it is still simple enough for theoretical analysis. We apply
this model to a PT -laser configuration similar to that
in [12] and show that, when the loss is weak, multiple
stable steady states and time-periodic states of light ex-
ist above the lasing threshold, rendering the laser multi-
mode. However, when the loss is strong, only a single
stable steady state of broken PT symmetry exists for a
wide range of the gain amplitude, rendering the laser
single-mode. These results show that the loss plays a
critical role in maintaining the single-mode operation of
PT lasers.
The qualitative PDE model we propose for PT lasers
is
iΨt +Ψxx + V (x)Ψ + σ|Ψ|
2Ψ− i
G(x)
1 + |Ψ|2
Ψ = 0, (1)
where Ψ is a complex envelope function of the light’s
electromagnetic field, t and x are the time and space
variables, V (x) = n(x) + iΓ(x) is the complex potential
whose real part n(x) describes the refractive-index distri-
bution and the imaginary part Γ(x) represents the linear
(material) loss, σ is the coefficient of nonlinear self-phase
modulation, G(x) is the spatially-modulated linear gain,
which is saturable at high intensities. All variables have
been normalized. This model is one-dimensional for sim-
plicity, but its higher-dimensional extension is straight-
forward.
We apply this model to the PT -laser configuration in
[12], where two identical microrings are placed adjacent
to each other, and the gain is applied to only one of them.
Corresponding to this configuration, we consider two one-
dimensional regions with identical refractive-index and
loss distributions, but the gain is applied only to the left
region. Thus, we choose functions in the model (1) as
n(x) = n0 [f1(x+ x0) + f1(x − x0)], (2)
Γ(x) = γ [f2(x+ x0) + f2(x− x0)], (3)
G(x) = g f3(x+ x0), (4)
where f1(x), f2(x), f3(x) are spatial distributions of the
refractive index, linear loss and gain in each region, n0, γ
and g are their peak values, and −x0 and x0 are the
2center positions of the two regions. For simplicity, we
select f1, f2, f3 to be the same super-Gaussian function
f1(x) = f2(x) = f3(x) = e
−x4/4. (5)
In addition, we select n0 = 1 and x0 = 1.5. Regard-
ing the nonlinear coefficient σ, we set σ = 0.5, which is
self-focusing nonlinearity. Then, the remaining free pa-
rameters in our model are the loss coefficient γ and the
gain amplitude g. The resulting profiles of n(x), Γ(x)
and G(x) are displayed in Fig. 1. When g = 2γ, the
effective linear potential V (x)− iG(x) is PT -symmetric.
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FIG. 1: (a) Profiles of the refractive index distribution n(x)
(solid blue) and the linear loss function Γ(x) (dashed red).
(b) Profile of the gain function G(x).
Now, we investigate solution behaviors of the model (1)
for a fixed loss coefficient γ and a tunable gain amplitude
g. Steady-state (soliton) solutions are of the form
Ψ(x, t) = eiµtψ(x), (6)
where ψ(x) is a localized function solving
ψxx + V (x)ψ + σ|ψ|
2ψ − i
G(x)
1 + |ψ|2
ψ = µψ, (7)
and µ is a real frequency parameter. Unlike in PT -
symmetric nonlinear systems [8], solitons in Eq. (7) ex-
ist only at isolated frequency values due to the saturable
gain, which breaks the PT symmetry even if the effective
linear potential V (x)− iG(x) is PT -symmetric. We will
compute these isolated solitons by the squared operator
method developed in [15], which yields the soliton pro-
file ψ(x) as well as the frequency value µ simultaneously.
Linear stability of these solitons can be determined by
computing the spectrum of the linear-stability operator
of these solitons by the Fourier-collocation method [16].
First we consider the lower-loss case, where we set
γ = 0.2. In this case, lasing occurs (i.e., infinitesimal
light starts to amplify) when g > 2γ = 0.4. Thus, at
the lasing threshold g = 2γ = 0.4, the linear system
is in PT -symmetric state. Above this lasing threshold,
we have found a number of soliton branches, which are
displayed in Fig. 2. Two of these branches bifurcate off
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FIG. 2: Soliton branches versus the gain coefficient g at the
lower-loss value of γ = 0.2. Upper row: power and frequency
branches (solid blue indicates stable solitons, and dashed red
indicates unstable solitons). Lower row: soliton profiles at
the marked points of the power/frequency branches.
the zero amplitude at g = 0.4. On the higher-power
branch, solitons have an approximately symmetric pro-
file (see ‘b’ on the lower panel) and can be said to be in
PT -symmetric state; while on the lower-power branch,
solitons have a slightly asymmetric profile (see ‘a’ on the
lower panel). At g increases, the ‘a’ branch undergoes
a fold bifurcation and disappears, while the ‘b’ branch
persists. When g > 0.56, two additional soliton branches
(the ‘c,d’ branches) appear through another fold bifurca-
tion, and their powers have a non-zero minimum thresh-
old. On their higher-power branch, solitons reside pri-
marily in the gain region (see ‘d’ on the lower panel) and
can be said to be in broken-PT -symmetry state [13, 14];
while on the lower-power branch, solitons reside in both
the gain and loss regions (see ‘c’ on the lower panel).
Linear stability of the soliton branches in Fig. 2 is also
marked in the same figure. It is seen that the two soli-
ton branches bifurcating from g = 0.4 are stable when g
is close to 0.4, but lose stability when g is larger (the ‘a’
branch loses stability when g > 0.60, while the ‘b’ branch
loses stability when g > 0.70). Both losses of stability are
due to Hopf bifurcations, where a pair of complex linear-
stability eigenvalues cross the imaginary axis. After the
Hopf bifurcation, the solitons become unstable. Simulta-
neously, stable time-periodic bound states appear.
Now we examine how light behaves in this lower-loss
case. For this purpose, we consider two gain amplitudes,
g = 0.5 and 0.72. When g = 0.5, Fig. 2 shows that
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FIG. 3: Evolutions of Eq. (1) for two different infinitesimal
random-noise initial conditions when γ = 0.2 and g = 0.5.
The lower panels show the amplitude evolutions and fre-
quency spectra at the gain center x = −1.5.
there are two solitons which are both stable. Numeri-
cally, we have found that any infinitesimal initial con-
dition would evolve toward one of these two stable soli-
tons. To illustrate, numerical simulations of Eq. (1) for
two different infinitesimal random-noise initial conditions
are displayed in Fig. 3. The upper panels show that the
two infinitesimal initial conditions are attracted toward
different solitons. Amplitude evolutions and frequency
spectra at the gain center x = −x0, shown in the lower
panels, confirm that the final states are solitons on the
‘a’ and ‘b’ branches of Fig. 2 respectively. Since these
two solitons have different frequencies, this laser cavity
can produce light of different frequencies and is thus not
a single-mode laser.
At the higher gain amplitude g = 0.72 (which is above
the Hopf bifurcation point on the ‘b’ branch of Fig. 2),
the only stable soliton is on the ‘d’ branch. But a stable
time-periodic bound state also exists due to the Hopf bi-
furcation. In this case, we have found numerically that
all infinitesimal initial conditions are attracted toward
that time-periodic bound state, see Fig. 4 (upper left
panel). This temporal periodicity indicates that the out-
put of light has multiple frequencies, as is evidenced in
the lower right panel of Fig. 4. Thus, this laser is not
single-mode either. For some finite-amplitude initial con-
ditions, though, light can evolve toward the stable soliton
on the ‘d’ branch, see the upper right panel of Fig. 4.
Next we consider the higher-loss case, where we set
γ = 0.5. In this case, lasing occurs when g > 0.66. At
this lasing threshold, the linear system is in broken PT -
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FIG. 4: Evolutions of Eq. (1) for two different initial con-
ditions when γ = 0.2 and g = 0.72 (the initial condition is
infinitesimal in the upper left panel and has finite amplitude
in the upper right panel). The lower panels show the am-
plitude evolution and frequency spectrum at the gain center
x = −1.5 for the upper left panel.
symmetry state. Above this threshold, soliton branches
versus the gain amplitude g are displayed in Fig. 5. It is
seen that a branch of stable solitons bifurcates from the
zero amplitude at the lasing threshold, and it loses stabil-
ity when g > 3.1. These solitons reside primarily in the
gain region and thus have broken PT -symmetry (see the
lower left panel). Meanwhile, two branches of unstable
solitons appear through a fold bifurcation when g > 2.36,
and these solitons reside in both the gain and loss regions
(see the lower right panel). The striking feature in this
case is that, over a wide gain interval of 0.66 < g < 3.1,
there is a single stable soliton, and no other stable co-
herent states (such as time-periodic states) exist. Our
numerical simulations show that on this wide gain in-
terval, all infinitesimal initial conditions evolve toward
this single stable soliton (see Fig. 6), thus the laser is in
single-mode operation.
By comparing the lower-loss operation in Figs. 2-4 and
higher-loss operation in Figs. 5-6, we see that when the
loss is weak, multiple stable solitons and time-periodic
bound states exist above the lasing threshold, render-
ing the laser multi-mode. However, a strong loss can
eliminate those multiple stable solitons and time-periodic
states, leaving the system with a single stable soliton of
broken PT symmetry and thus rendering the laser single-
mode. These results show that the loss is instrumental
in maintaining the single-mode operation of PT lasers.
Some of the solution behaviors in the PDE model for
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FIG. 5: Soliton branches versus the gain coefficient g at the
higher-loss value of γ = 0.5. Upper row: power and frequency
branches (solid blue for stable solitons and dashed red for
unstable solitons). Lower row: soliton profiles at the marked
points of the power/frequency branches.
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FIG. 6: Evolution of Eq. (1) for an infinitesimal random-noise
initial condition with γ = 0.5 and g = 2. The right panel
shows the frequency spectrum at the gain center x = −1.5.
the configuration of Fig. 1 can be understood from a sim-
pler ODE model,
dΦ1
dt
= −αΦ1 +
β
1 + |Φ1|2
Φ1 + iΦ2, (8)
dΦ2
dt
= −αΦ2 + iΦ1, (9)
where Φ1 and Φ2 are the amplitudes of the supermodes in
the gain (left) and loss (right) regions of the laser cavity
respectively, α is the linear material loss in both regions,
and β is the linear growth rate of the saturable gain. The
parameter values are normalized with respect to the cou-
pling constant between the gain and loss regions. Similar
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FIG. 7: Power curves of steady states versus gain parameter
β in the ODE model. (a) α = 0.5 (lower loss); (b) α = 1.5
(higher loss). Solid blue: stable states; dashed red: unstable
states.
but different ODE models have been used in [13, 14] to
study various PT -laser configurations.
Steady states of the above ODE model are of the form
Φ1,2(t) = e
iωtφ1,2, where ω is a real frequency parameter,
and φ1, φ2 are amplitude constants. Substituting this
steady state into the ODE model, we find the following
solutions,
(1) ω = ±
√
1− α2, |φ1| = |φ2| =
√
β/(2α)− 1;
(10)
(2) ω = 0, |φ1| =
√
β/(α+ 1/α)− 1, |φ2| = |φ1|/α.
(11)
The two solutions (10) exist only when the loss is weak
(α < 1). They have identical amplitudes but different
frequencies. In each solution, the modal amplitudes in
the gain and loss regions are the same (|φ1| = |φ2|),
and are thus in PT -symmetric state. They bifurcate out
from the zero amplitude at the lasing threshold β = 2α,
where the linear counterpart of the ODE model is PT -
symmetric. The other solution (11) exists for all loss
values of α. In this solution, the modal amplitudes in
the gain and loss regions are different, and are thus in
broken-PT -symmetry state. This solution bifurcates out
from the zero amplitude at β = α + 1/α. To illustrate
these solutions, we choose two loss values of α = 0.5
(lower loss) and α = 1.5 (higher loss), where the power
values |φ1|
2 + |φ2|
2 of these solution branches versus the
gain parameter β are displayed in Fig. 7(a,b) respectively.
Linear stability of these steady states has also been deter-
mined and marked on the figure. At lower loss, the two
PT -symmetric solutions (10) are both stable, rendering
the laser multi-mode; and the broken-PT -symmetry so-
lution is unstable (see Fig. 7a). Our numerics shows that
these two stable solutions (10) attract all infinitesimal
initial conditions. At higher loss (see Fig. 7b), the sole
broken-PT -symmetry solution (11) is stable and attracts
all infinitesimal initial conditions.
When comparing these ODE-model results with those
5PDE ones, we can see that at lower loss, the solid blue
branch of two PT -symmetric steady states in Fig. 7(a) is
the counterpart of the two solid blue branches bifurcating
from g = 0.4 in Fig. 2 (upper left panel), and the dashed
red branch of broken-PT -symmetry states in Fig. 7(a)
is the counterpart of the dashed red branch bifurcating
from g ≈ 0.58 in Fig. 2. At higher loss, the solid blue
branch of broken-PT -symmetry states in Fig. 7(b) is the
counterpart of the solid blue branch bifurcating from the
zero power in Fig. 5. Notice that at lower powers, soli-
tons and their stability behaviors in the PDE model agree
with their ODE counterparts. However, at higher pow-
ers, the PDE and ODE results show large differences. In
particular, the ODE model fails to predict the new soli-
ton branches from fold bifurcations at high powers, the
Hopf bifurcations of soliton branches, and time-periodic
bound states after Hopf bifurcations. The reason is that
this ODE model implicitly assumes a fixed supermode
profile in each of the gain and loss regions (only their
amplitudes Φ1,2 are allowed to change with time). This
assumption is reasonable for the PDE solutions at low
powers, where the solutions are close to linear modes.
However, at higher powers, the field profiles of PDE so-
lutions will differ significantly from linear modes due to
nonlinear self-focusing and other physical effects. In ad-
dition, the field profiles of PDE solutions can also oscil-
late with time (such as in time-periodic bound states, see
Fig. 4), where multiple frequencies (modes) are mixed. In
such cases, the ODE model cannot be expected to give
good predictions, and a dynamic PDE model will become
necessary, as is done in this article.
In summary, we have proposed a time-dependent PDE
model to investigate the dynamical behavior of PT lasers
during the nonlinear stage of its operation. Our results
indicate that a significant amount of material loss is im-
portant for rendering the single-mode operation over a
wide range of gain values. These results shed more light
on the operation of PT lasers. In addition, we antici-
pate that this dynamic PDE model will help improve the
functionalities of PT lasers.
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